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Abstract
The critical properties of systems under constraint differ from their ideal coun-
terparts through Fisher renormalization. The mathematical properties of Fisher
renormalization applied to critical exponents are well known: the renormalized in-
dices obey the same scaling relations as the ideal ones and the transformations
are involutions in the sense that re-renormalizing the critical exponents of the con-
strained system delivers their original, ideal counterparts. Here we examine Fisher
renormalization of critical amplitudes and show that, unlike for critical exponents,
the associated transformations are not involutions. However, for ratios and combi-
nations of amplitudes which are universal, Fisher renormalization is involutory.
1 Introduction
Universal amplitude ratios feature in all types of phase transitions and are analogous to
the scaling relations which connect the various critical exponents describing power-law
divergences. Extensive reviews of the topic are given in Refs. [1, 2], which, besides the
general theory, also contain discussions of experimental relevance and results. One aspect
that appears to be neglected in the literature is amplitude ratios in thermodynamic sys-
tems subject to constraint, a topic of importance for real systems [3, 4, 5]. The effects of
such constraints on the critical exponents of experimental measurements are well known
and well understood; the exponents may differ significantly from their ideal, or pure, theo-
retical counterparts. In particular, if the specific heat diverges as a power-law in the ideal
system, the phase transition is manifest as a finite cusp in the real system (i.e., in the
experimental realization). This phenomenon was explained by Fisher as being due to the
effect of hidden variables [6]. Fisher also established elegant relations between the expo-
nents of the ideal and constrained systems. The continued theoretical and experimental
interest in universal amplitude ratios [7, 8, 9, 10, 11, 12, 13] and in critical phenomena
in constrained systems [14, 15, 16, 17, 18], motivates our investigation into the effects on
amplitude ratios of Fisher renormaliation owing to imposition of constraints.
An attractive property of Fisher renormalization applied to critical exponents is that
of involution: the exponents which describe the ideal system are obtained from Fisher
renormalization of the real exponents, just as the latter result from the former. In other
words, applying Fisher renormalization twice delivers the identity transformation. Also,
if the ideal exponents obey scaling relations, so too do the Fisher renormalized exponents.
(In fact both of these properties also hold for the exponents which describe logarithmic
corrections to scaling in marinal circumstances [18].) Here we derive the universal relations
between the amplitude ratios of the Fisher renormalized, real system and the original ideal
system. We show that, in contrast to the critical exponents, Fisher renormalization of the
critical amplitudes is not involutory: a double application does not deliver the original
amplitudes. However, applied to universal combinations of amplitude ratios, Fisher renor-
malization is involutory. We also present a new amplitude ratio involving the Lee-Yang
zeros and investigate the associated involutarity. This paper, along with Ref. [18] may
therefore be considered as complementing the review of Fisher renormalization contained
in Ref. [1].
We follow the standard notation and write the ideal free energy as f(t, h), where
t is the reduced temperature and h is the reduced external field [1, 18]. The various
thermodynamic and associated functions are defined in the usual way [19], e.g.,
m(t, h) =
∂f(t, h)
∂h
(1.1)
is the magnetization. In the frequent case of symmetry under h→ −h, the critical point
of the ideal system t = 0 is identified by the vanishing of m(t, h). In the absence of this
symmetry one may consider the vanishing of ∆m(t, h) = m(t, h)−m(t,−h) in the h→ 0
limit instead [6]. We assume the following simplified (leading) critical behaviour for the
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ideal system for the specific heat, magnetization, susceptibility and correlation length:
C(t, 0) = A±|t|
−α , (1.2)
m(t, 0) = B|t|β for t < 0 , (1.3)
χ(t, 0) = Γ±|t|
−γ , (1.4)
m(0, h) = Dh
1
δ , (1.5)
ξ(t, 0) = N±|t|
−ν . (1.6)
Here, and in what follows, the subscripts + and − refer to amplitudes for t > 0 and t < 0,
respectively. Note that Eq.(1.2) for the specific heat results from an internal energy of
leading form
e(t, 0) = ±
A±
1− α
|t|1−α. (1.7)
The critical correlation function is
G(t = 0, h = 0; x) =
Θ
xd−2+η
. (1.8)
For the scaling of the Yang-Lee edge, we assume that [20]
θ(t) = Wt∆ for t > 0 . (1.9)
Corresponding to the fact that α, γ and ν represent the critical exponents for both
t > 0 and t < 0, the following amplitude ratios are universal:
U0 =
A+
A−
, U2 =
Γ+
Γ−
, Uξ =
N+
N−
. (1.10)
The standard scaling relations between the above critical exponents are
α + dν = 2 , (1.11)
α + 2β + γ = 2 , (1.12)
(δ − 1)β = γ , (1.13)
(2− η)ν = γ , (1.14)
β + γ = ∆ , (1.15)
where the dimensionality of the system is denoted d. These relations are derived in the
appendix where it is shown that they correspond to the following universal ratios [1]:
Rξ = A±N
d
±
, (1.16)
Rc =
A±Γ±
B2
, (1.17)
Rχ =
Γ±B
δ−1
Dδ
, (1.18)
Q =
ΘN2−η±
Γ±
, (1.19)
Z = W
(
D
B
)δ
. (1.20)
2
The last of these is a new universal amplitude combination not appearing previously in the
literature. (A wider set of amplitude ratios may be developed, involving more quantities
on the critical isotherm [1]. To keep the present paper compact, we focus only on the
above set.)
The family S = {α, β, γ, δ, ν, η,∆} of universal critical exponents characterizes the
power-law behaviour of the specific-heat, magnetization, susceptibility, correlation length,
correlation function and Yang-Lee edge of the ideal system. There is also a family of
critical amplitudes for the ideal system, S¯ = {A±, B,Γ±, D,N±,Θ,W} and a family of
universal amplitude combinations S˜ = {U0, U2, Uξ, Rξ, Rc, Rχ, Q, Z}. These latter two
families are the focus of our investigation. We wish to determine how they transform
under Fisher renormalization and whether or not the process is involutory.
For the constrained system we write
CX(t, 0) = AX±|t|
−αX , (1.21)
mX(t, 0) = BX |t|
βX for t < 0 , (1.22)
χX(t, 0) = ΓX±|t|
−γX , (1.23)
mX(0, h) = DXh
δX , (1.24)
ξX(t, 0) = NX±|t|
−νX , (1.25)
GX(0, 0, x) =
ΘX
xd−2+ηX
, (1.26)
θX(t) = WXt
∆X for t > 0 . (1.27)
Here we have assumed that the critical point of the real system is also located at t = h = 0.
We will justify this in Section 2 [6]. To parallel the notation in the ideal system, we
introduce
UX0 =
AX+
AX−
, UX2 =
ΓX+
ΓX−
, UXξ =
NX+
NX−
. (1.28)
We also define
RXξ = AX±NX
d
±
, (1.29)
RXc =
AX±ΓX±
BX
2 , (1.30)
RXχ =
ΓX±BX
δX−1
DX
δX
, (1.31)
QX =
ΘXNX
2−ηX
±
ΓX±
, (1.32)
ZX = WX
(
DX
BX
)δX
. (1.33)
Already in Ref. [6], Fisher showed how the family of renormalized exponents S ′X =
{αX , βX , γX, δX , νX , ηX} relates to the ideal exponents S
′ = {α, β, γ, δ, ν, η}. That finding
may be summarised as
S ′X = F(S
′) , (1.34)
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where
αX =
−α
1− α
, (1.35)
and
ρX =
ρ
1− α
, (1.36)
in which ρ stands for any of the exponents β, γ or ν. The exponent δ and the anomalous
dimension η are not renormalized:
δX = δ , and ηX = η . (1.37)
These formulae have appealing properties. Firstly, if the ideal exponents S ′ obey
the scaling relations (1.11)–(1.14) then the Fisher renormalized exponents S ′X obey an
analogous set of relations. Secondly, Fisher renormalization of critical exponents is an
involution in the sense that the ideal exponents are derived from the constrained ones in
the same manner as the constrained from the ideal [21]:
S ′ = F [F(S ′)] . (1.38)
Here we wish to investigate how the set of Fisher-renormalized real amplitudes S¯X =
{AX±, BX ,ΓX±, DX , NX±,ΘX ,WX} relates to the set of ideal amplitudes S¯. We show
that these non-universal quantities are not involutory under Fisher renormalization. We
show that to achieve involutarity, one needs universal quantities. Indeed, the family S˜,
whose Fisher-renormalized counterpart is S˜X = {UX0, UX2, UXξ, RXξ, RXc, RXχ, QX , ZX}
turns out to have the desired property:
S˜ = F [F(S˜)] . (1.39)
Along the way we also show that the exponent ∆, characterising the scaling of the Yang-
Lee edge, Fisher-renormalizes as Eq.(1.36) and that the involutory property (1.38) there-
fore applies to the full set of critical exponents S. Moreover, the Fisher renormalized
exponent ∆X obeys a scaling relation analogous to Eq.(1.15), namely βX + γX = δX .
2 Fisher Renormalization
Following Refs.[6, 18], we consider a system under constraint, with a hidden thermody-
namic variable x conjugate to a field u. The central assumption is that the singular part
of the free energy of the constrained system fX(t, h, u) is structured analogously to its
ideal counterpart, so that fX(t, h, u) = f [t
∗(t, h, u), h∗(t, h, u)]. (A regular background
term appears additionally in Ref.[6], which we omit since it has no important role here.)
The quantity u may represent a chemical potential in an Ising model of a magnet, for
example and x may be the density of annealed non-magnetic impurities [22]. The ideal
transition is manifest and the ideal free energy f(t, h) is recovered if u is fixed at u = 0.
The constraint is expressed as
x(t, h, u) ≡
∂fX(t, h, u)
∂u
= X(t, h, u) , (2.1)
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where X(t, h, u) is assumed to be an analytic function [6]. We assume that h∗(t, h, u) =
hJ (t, h, u), so that h∗, and its partial derivatives with respect to both t and u all vanish
when h = 0.
To identify the critical point of the real system, one writes the magnetization as
mX(t, h, u) =
∂fX(t, h, u)
∂h
∣∣∣∣∣
h=0
= m[t∗(t, 0, u), 0]J (t, 0, u) . (2.2)
Since the critical point of the real system is given by the vanishing of the right hand side,
and since J (t, 0, u) is non-vanishing, the real critical point is t∗(t, 0, u) = 0. We write the
Taylor expansion for J (t, h, u) about the critical point as J (t, h, u) = J0 + b1t + . . . +
c1h + . . . + c1(u − uc) + . . ., where uc is the critical value of u for the real system. The
critical point is therefore marked by J (0, 0, uc) = J0.
The relation between t∗ and t comes from the constraint (2.1). This will be the source
of the non-trivial relationship between t∗ and t. Expanding t∗(t, 0, u) about the critical
point, t∗(t, 0, u) = a1(u − uc) + . . ., where uc and the coefficients of the expansion are
non-universal. Therefore x(t, 0, u) = a1e(t
∗, 0) + . . ., which, from Eq.(1.7), is
x(t, 0, u) = ±a1
A±
1− α
|t∗|1−α + . . . . (2.3)
On the other hand, and again by Taylor expansion,
X(t, 0, u) = X(0, 0, uc) + d1(u− uc) + d2t + . . . . (2.4)
Again the expansion coefficients are not universal. Comparing with Eq.(2.3), X(0, 0, uc)
must vanish, and
± a1
A±
1− α
|t∗|1−α =
d1
a1
t∗ + d2t+ . . . . (2.5)
This is the main result of Fisher renormalization. The first term on the right dominates
the left hand side in the case that α < 0, so that t∗ and t are commensurate there.
However, if α > 0 the renormalization from t to t∗ is non-trivial. Define the non-universal
quantity
a =
[
d2(1− α)
a1
] 1
1−α
. (2.6)
We then obtain
|t∗| = a
(
|t|
A±
) 1
1−α
. (2.7)
The interpretation of this equation is that imposing the constraint is equivalent to renor-
malization of the reduced temperature in the constrained system from t∗. We note that
this gives
∂t∗
∂t
=
a
1− α
A
−
1
1−α
± |t|
α
1−α . (2.8)
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2.1 Thermodynamic Functions for the Constrained System
We wish to determine the thermodynamic functions for the constrained systems, paying
particular attention to the amplitudes. Differentiating the constrained free energy with
respect to t, and using Eqs.(2.7) and (2.8),
eX(t, 0, u) =
∂fX(t, 0, u)
∂t
= e(t∗, 0)
∂t∗(t, 0, u)
∂t
= ±
a2−α
(1− α)2
A
−1
1−α
± |t|
1
1−α . (2.9)
The specific heat for the real system is then
CX(t, 0, u) =
∂eX(t, 0, u)
∂t
=
a2−α
(1− α)3
A
−1
1−α
± |t|
α
1−α . (2.10)
From the form (1.21), we identify
αX = −
α
1− α
, (2.11)
and
AX± = a
1+ 1
1−αX (1− αX)
3AαX−1
±
. (2.12)
This relationship is non-universal since, besides A±, a is a non-universal constant.
The magnetization for the real system is given by Eqs.(1.3) and (2.2) as
mX(t, 0, u) = J0B|t
∗|β , (2.13)
for t < 0. From Eq.(2.7), this is Eq.(1.22) with
βX =
β
1− α
, (2.14)
and
BX = J0a
β B
AβX−
. (2.15)
The susceptibility for the real system is obtained by differentiating the constrained
magnetisation with respect to h. We obtain
χX(t, 0, u) = J
2
0χ(t
∗, 0) = ΓX±|t|
−γX , (2.16)
where
γX =
γ
1− α
, (2.17)
and
ΓX± = J
2
0a
−γAγX± Γ± . (2.18)
Along the critical isotherm t = 0, the magnetization in field is
mX(0, h, u) = J0Dh
1
δ +O(h).
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The leading term for δ > 1 is of the form (1.24) with
δX = δ , (2.19)
unchanged, but
DX = J
1+ 1
δ
0 D. (2.20)
The correlation length renormalizes in a similar way,
ξX(t) = ξ(t
∗) = N±|t
∗|−ν = NX±|t|
−νX , (2.21)
where
νX =
ν
1− α
, (2.22)
and
NX± = a
−νAνX
±
N±. (2.23)
We can consider the correlation function through derivatives of the free energy with
respect to local fields h1 = h(x1) and h2 = h(x2):
GX(t, h, u; x) =
∂2fX(t, h, u)
∂h1∂h2
= J20
∂2f(t∗, h∗)
∂h∗1∂h
∗
2
= J20G(t∗, h
∗, x).
Setting t∗ = t = h∗ = h = 0, we obtain GX(0, 0, u; x) = J
2
0G(0, 0, x) or
ΘX = J
2
0Θ. (2.24)
Fisher renormalization of the Yang-Lee edge for t > 0 comes from the constrained
free energy which gives ZX(t, h, u) = Z(t
∗, h∗). Since the edge of the distribution of zeros
for the ideal system is given by h = θ(t) = Wt∆ in Eq.(1.9), the zeros’ edge for the
constrained system in the h∗-plane is h∗ = θ(t∗) = Wt∗∆. Now, since h∗ = J0h to leading
order, the edge for the constrained system scales in the complex h-plane as
θX(t) = J
−1
0 θ(t
∗) = J−10 Wt
∗∆ =WXt
∆X , (2.25)
with t > 0, where
∆X =
∆
1− α
WX = W
a∆
J0A
∆X
+
. (2.26)
Eqs.(2.11), (2.14), (2.17), (2.19) and (2.22) give the Fisher renormalization of critical
exponents, first derived in Ref.[6]. Eqs.(2.12), (2.15), (2.18), (2.20) and (2.23) give the
corresponding formula for Fisher renormalization of the critical amplitudes and are new.
Eq.(2.24) renormalizes the amplitude of the correlation function and Eqs.(2.25) and (2.26),
which govern the Yang-Lee edge, are also new results. While Fisher renormalization of
the critical exponents is involutory (meaning renormalization of renormalized exponents
delivers the pure values), it is straightforward to see from the above formulae that this is
not the case for the amplitudes. One suspects this may be because the critical exponents
are universal but the critical amplitudes are not. To investigate further, we examine
Fisher renormalization of universal amplitude ratios. In the next section we show that
the associated transformations are indeed involutions.
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3 Fisher Renormalization of Universal Quantities
We already know that the Fisher renormalization of the critical exponents is involutory.
For example, repeated application of Eq.(2.11) delivers
αXX = −
αX
1 − αX
= α
However, it is clear that not all quantities transform as involutions. Considering the
specific heat amplitudes, for example, two successive applications of (2.12) give AXX±
different from A±.
While the individual amplitudes A+ and A− are non-universal, their ratio U0 is. From
Eq.(2.12), the amplitude ratio for the specific heat of the real system transforms non-
trivially under Fisher renormalization as
UX0 =
AX+
AX−
=
(
A+
A−
) −1
1−α
= U
−1
1−α
0 . (3.1)
Similarly
UX2 =
ΓX+
ΓX−
=
AγX+ Γ+
AγX− Γ−
= UγX0 U2 , (3.2)
and
UXξ =
NX+
NX−
=
N+
N−
= Uξ . (3.3)
We observe that the transformations in these quantities between the ideal and real systems
are involutory e.g.,
UXX0 = UX
−1
1−αX
0 =
(
U
−1
1−α
0
) −1
1−αX
= U0 . (3.4)
The more complex universal amplitude combinations are (1.16), (1.17), (1.18), (1.19)
and (1.20). The non-universal terms J0 and a which accompany the transformations of
the individual amplitudes drop out of the transformations of the universal combinations
through the scaling relations (1.11)–(1.14). These transformations are
RXc =
1
(1− α)3
Rc , (3.5)
RXχ = Rχ , (3.6)
RXξ =
1
(1− α)3
Rξ , (3.7)
QX = Q , (3.8)
ZX =
Z
U∆X0
. (3.9)
(3.10)
Two successive applications of these transformations reveal the involutory nature of these
universal combinations.
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4 Conclusions
We have determined how critical amplitudes transform under Fisher renormalization, a
process required to determine real scaling from its ideal counterpart for systems under
constraint. We have shown that, unlike the critical exponents, critical amplitudes do not
renormalize as involutions. We hypothesise that this is because the amplitudes, unlike
the critical exponents, are non-universal. We then showed that universal amplitude ratios
are indeed involutory under Fisher renormalization. We have also determined the Fisher
renormalization of the amplitude related to the Yang-Lee zeros and showed that a related
universal amplitude ratio also transforms as an involution under Fisher renormalization.
Examples of experimental systems which may be expected to manifest the phenomena
described here include magnets and fluids with specified levels of impurities [6], e.g., Ising
ferrofluids with configurational annealed disorder [23], ternary mixtures [24], dilute poly-
mer blends [25], polydisperse polymeric solutions [26], compressible ammonium chloride
[27, 28], superfluidity in 3He-4He confined films [8, 29], nematic-smectic-A transitions in
liquid-crystal mixtures [30] and emulsions [31], and dilute antiferromagnets in applied
fields [22, 32]. Such systems are extensively discussed in the reviews [1, 2] and references
therein. Experimental realisations of Lee-Yang zeros are also possible and discussed in
Refs.[33, 34]. As stated, Fisher renormalization of amplitude ratios in these systems is
a neglected topic. It is to be hoped that the theory presented here may inspire future
experimental and numerical studies in these directions.
Acknowledgements: We thank B. Berche, J. Flanagan Jones and Yu. Holovatch for
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tional Incoming Fellowship (Project no. 300206-RAVEN) and the International Research
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Committee of the Ministry of Science and Education of the Republic of Armenia under
Contract 13-1C080. This work was also partly supported by the Nancy-Leipzig-Coventry-
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A Appendix: Universal Amplitude Combinations
We briefly remind how to identify the universal amplitude combinations, beginning with
the standard scaling form for the free energy and correlation length [1, 2, 19, 35]
f(t, h) = b−dY (Ktb
ytt,Khb
yhh) , ξ(t, h) = bX(Ktb
ytt,Khb
yhh) . (A.1)
The scaling functions Y and X are universal and all the non-universality is contained
in the metric factors Kt and Kh. Differentiating the free energy with respect to h or t
delivers the scaling form for the magnetization, susceptibility and specific heat by chosing
b = K
−1/yt
t |t|
−1/yt or b = K
−1/yh
h h
−1/yh appropriately. One then eliminates the scaling
dimensions yt, yh by expressing them in terms of β and δ (for example), and the metric
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factors by writing them in terms of B and D. The resulting expressions of α and γ in
terms of β and δ deliver the static scaling relations (1.12) and (1.13). Correspondingly,
one can express A± and Γ± in terms of B and D,
Γ± =
Y (hh)(±1, 0)
[Y (h)(1, 0)]
1
β [Y (h)(0, 1)]
δ
B1−δDδ , (A.2)
A± =
[
Y (h)(1, 0)
]−(δ+1) [
Y (h)(0, 1)
]δ
Y (tt)(±1, 0)
Bδ+1
Dδ
. (A.3)
From the first of these, Γ±B
δ−1/Dδ is a universal combination of universal factors. This
is Rχ in Eq.(1.18). From the second, the quantity Rc in Eq.(1.17) is seen to be universal.
From Eqs.(A.1), the correlation length is ξ(t, 0) = N±|t|
−ν where
ν =
1
yt
and N± = K
−
1
yt
t X(±1, 0). (A.4)
From the expression for α in terms of the scaling dimensions, the first of these delivers
the hyperscaling relation (1.11). To connect N± to the other amplitudes, one can exploit
the relatonship between the susceptibility and the correlation function,
χ =
∫ ξ
0
G(x)xd−1dx = Θξ2−η, (A.5)
from which Fisher’s scaling relation (1.14) follows, along with
Γ± = ΘN
2−η
± . (A.6)
The combination Q = ΘN2−η± /Γ± of Eq.(1.19) is therefore universal. Similarly, the uni-
versality of Rξ in Eq.(1.16) can be explained through the hyperscaling relation f(t, 0) =
A±|t|
2−α/(2− α)(1− α) ∼ ξd(t, 0) = (N±|t|
−ν)d.
Finally, chosing b = K
−1/yt
t |t|
−1/yt in Eq.(A.1), the partition function must take the
form [36]
Z(t, h) ∝ Q
(
KhK
−
yh
yt
t |t|
−
yh
yt h
)
. (A.7)
The Lee-Yang zeros are given by Q = 0 or h = Wt∆ where
∆ =
yh
yt
and W = Q−1(0)K∆t K
−1
h , (A.8)
where Q−1 is an inverse function. The scaling relations then give ∆ = βδ = β + γ while
the forms for the metric factors give
W = Q−1(0)
[
Y (h)(0, 1)
Y (h)(1, 0)
]δ (
B
D
)δ
. (A.9)
Although W , B and D are non-universal, the combination W (D/B)δ is universal. We
denote this new amplitude ratio by Z in Eq.(1.20).
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